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OF GENUS 2
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Introduction. This paper is an investigation of moduli for the 2-complex param-
eter family of Riemann surfaces of genus 2 that admit of automorphisms (con-
formal self-homeomorphisms) of order 2 other than the “interchange of sheets”.
The determination of these special surfaces is due to Oskar Bolza whose result is
contained in §I. In §II characteristic Riemann matrices for the surfaces are imbedded
into the Siegel 3-complex dimensional upper half plane, the image being homeo-
morphic to

F = HxH—{(r,pu07) | 7€ H, p € M(2)},

where H denotes the complex upper half plane, 0 is the bilinear transformation
7— —1/r, and M(2) is the even modular group. The transformation group M ¢
acting on ¢, whose orbits are all the characteristic matrices for conformally
equivalent surfaces, is determined to be a semidirect product of M’y by Z,, where

My ={(u,v)e MxM|v = 648 mod M(2)},

M denoting the classical inhomogeneous group, and Z, is the two-element group.
In §IIT special Teichmueller and Torelli moduli and modular groups are defined
for the surfaces. The Teichmueller space is homeomorphic to Hx H, and the
Torelli space is determined to be homeomorphic to ¢ of §II. The Torelli modular
group becomes isomorphic to My of §II, and it is shown that the Teichmueller
modular group can be constructed as a semidirect product of the fundamental
group of ¢ by M.

I wish to thank Professor Gerstenhaber who directed the research and whose
stimulating lectures on Teichmueller theory have strongly influenced my thinking
on the subject.

I. Preliminary notions. Every compact Riemann surface is the Riemann surface
of an algebraic function. More precisely, let S be a compact Riemann surface of
genus g, and let z be a nonconstant meromorphic function on S. Then z is an
n-to-1 surjection from S to the Riemann sphere P for some integer n>1. If we
denote by C the complex field as well as the field of constant functions on S, and
by C(z) the transcendental extension of C consisting of all rational functions of z,
then the field K of meromorphic functions on S is an algebraic extension of C(z)
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of degree n, i.e., K=C(z, w), where w is a meromorphic function on S satisfying
f(z, w)=0, where f(z, w) is a (monic) irreducible polynomial of degree n over C(2).
If, by an abuse of notation, we now let z and w denote complex numbers, then
f(z, w)=0 defines an algebraic function over C whose concrete Riemann surface
{(z, w)} is conformally equivalent to S. Then, if S is identified with {(z, w)} (with
the resulting duplication of notation), the meromorphic functions z and w on S
become the projections (z, w) — z and (z, w) — w(z), respectively, and z serves to
make S an n-sheeted branched analytic covering of P.

If g=1 and for some z, n=2, then S is called hyperelliptic in which case the
equation for S becomes, for a suitably chosen w,

w2 =(z—e)(z—ep) - -(z—ep),

where either k=2g+2 in which case the ¢; are all the (distinct) images of branch
points of S over P, or k=2g+1 in which case oo is also under a branch point.
Every Riemann surface of genus 2 is hyperelliptic, and on any hyperelliptic surface
S the involutive “interchange of sheets”

v(z, w) —>(z, —w)

is an automorphism (conformal self-homeomorphism) leaving precisely the 2g+2
branch points of S over P fixed. In fact « is canonically determined as the only
involution on S with 2g+2 fixed points, and (1, :) is a normal subgroup of Aut S,
the group of automorphisms on S.

By a special surface S of genus 2 we mean one for which Aut .S/(1, ) is not
trivial. Bolza [1] proved that every conformal equivalence class of special surfaces
of genus 2 is represented by one of the following cases:

S Aut S/(1, )
1) w2 = z6—1 D¢
) w? = z5—1 Zs
3) w? = z(z*—1) S
©)) w? = (22 =1)(z%—r?) D,
5) wi = z(z2—1)(z2—r?) D,
© w? = (2= 1)(Z2—ri)(z?—rd) z,

where D, denotes the dihedral group of order 2n, S, the symmetric group on n
objects, and Z, the integers mod n. Observe that the two-complex parameter
family of equivalence classes with group Z, contains each of the two one-complex
parameter families with groups D, and Dj, respectively, and these two one-complex
parameter families intersect in the classes with groups S, and D, respectively,
while the class with group Zj; is disjoint from all the others.

§SII and III of this paper are an investigation of the parameters, otherwise called
moduli, determining the family with group Z,.
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II. Siegel moduli. The holomorphic differentials on a compact Riemann surface
of genus g form a g-dimensional vector space over the complex field C, and if .S
is a hyperelliptic surface given by

*) w2 = (z—r)(z—r3) - -(Z—ragsi)s i=1or2,

then a basis for the holomorphic differentials on S is dz/w, z dz|w, ..., 2?71 dz|w
where, as in §I, S is identified with the concrete surface {(z, w)} of (*), so that on §
z and w denote the meromorphic functions (z, w) - z and (z, w) — w(z), respec-
tively. The g x 2g matrix:

S E: i [
alw,..., a’W blw,..., by;
(4B) = : :
J‘ 2971 dz f 2971 dz f 29714z 29"1dz
where (ay, . . ., a,, by, . . ., b,) are one-cycle representatives of a canonical homology

basis for S, is called a period matrix for S. By a change in basis for the holomorphic
differentials, the matrix 4 can be reduced to the multiplicative identity, and then
B becomes A~1B, which is called the Riemann matrix for S with respect to the
given canonical homology basis. Every Riemann matrix is symmetric and has
positive-definite imaginary part and therefore represents a point in the Siegel
g(g+1)/2 complex dimensional upper half plane #(g), which is precisely the space
of all symmetric g x g matrices over C having positive-definite imaginary part. Not
all Siegel matrices, however, are Riemann matrices. In genus 2 it is known [2] that
a Siegel matrix m is a Riemann matrix for some surface S if and only if m is not in
the orbit of a diagonal matrix under the action of the Siegel inhomogeneous
modular group M%.

A homology basis with one-cycle representatives (a,, . . ., ay, by, . . ., b,) is called
canonical if I(a;, b;)=38;; and I(a;, a;)=0=1I(b;, b;), where I is the bilinear, skew-
symmetric, integral-valued intersection number, and i,j€{l,2,..., g}. We refer
to a set of one-cycle representatives of a canonical homology basis as a set of
retrosections. Then all possible Riemann matrices for a given surface S, indeed
for all surfaces conformally equivalent to S, are obtained by all possible changes in
a given set of retrosections for S. More precisely, the multiplicative group of
matrices of changes in retrosections acts on #(g), the orbit of any one Riemann
matrix for a given conformal equivalence class of Riemann surfaces being all the
Riemann matrices for that class. The inhomogeneous Siegel modular group M%
acting on #(g) consists of all transformations

Z—>(AZ+B)(CZ+D)Y, ZeS(g),

where 4, B, C, D are gxg matrices over the integers satisfying AB'=BA,
CD'=DC!, AD'—BC'=1, where X* denotes the transpose of the matrix X, and
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1 is the g x g multiplicative identity matrix. M acts on #(g) in precisely the same
way as the multiplicative group of matrices of changes in retrosections, with the
above Siegel transformation corresponding to the change in retrosections

(ah---’ag,bl’-'-a bg)"*(ai"-'aa;’ ,1"--’b;)’

where

D
@...,ay b, b = ( @y, ..., a5 by, ..., b).

B A4

We now restrict our attention to the two-complex parameter family {S} of
Riemann surfaces of genus 2 that admit of automorphisms of order 2 other than
the interchange of sheets. From §I we see that each S'in {S}’ is given by an equation
(normalized so that the product of the roots is —1) of the form w?=z%+3Cz*
+3C'z224+1=(z2—r?)(z2—r2)(z2—r2), and S has at least four automorphisms,
namely

1: (z, w)—>(z, w),
o (z, w) = (z, —w), the interchange of sheets,
o (Z, W) g (—Z, W),

w: (z, w) > (—z, —w).

ProvpositioN 2.1. S/(1, o) and S/(1, o) are tori.

This follows from the Riemann-Hurwitz relation which says that if a surface S
of genus g is an n-sheeted branched covering of a surface S’ of genus g’, then
2—-2g=n(2—2¢')—>7 ep, Where e, denotes the branch order of P in S over S’.
In our case, g=2 and S is a 2-sheeted branched covering of S/(1, ¢) with exactly
two branch points, each of order 1, located at the fixed points of o. Similarly for
w0, so that in both cases g’'=1.

The natural projection 7: S — S/(1, o) is given analytically by

m: (z, w) > (22, 2zw) = (L, 7),
so that S/(1, «0) has equation
7? = 4(L+3CE+3C'T+1) = A (E—-rHC—rI(-rI),

and the holomorphic differential dz/w on S is a lift of d{/n on S/(1, o). Similarly,
the natural projection #: S — S/(1, o) is given analytically by #: (z, w) — (22, 2w)
=({, %), so that S/(1, o) has equation

12 = 4 +3C02+3C'T+1) = 4C-rDE-rDC-rd),

and the holomorphic differential z dz/w on S is a lift of d{/# on S/(1, o).
We can select retrosections (a, oa, b, ob), or equivalently (@, —toa, b, —t0b), on
S, where («, B)=(ma, nb) are retrosections on S/(1, w), and (& B)=(#a, #b) are
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retrosections on S/(1, ¢). Now consider a new set of retrosections (a@,, @s, by, b)
on S, where

a, = a—oa = a+wa
a; = b+ob = b—wob
51 = b = b

52 = —oa = od.

We hereafter refer to (a, oa, b, ob) and (@, @,, b,, b;) as normal o-retrosections.
Observe

w: (al, 62’ Ela 52) g (2(!, 0, .B’ a)
and

ﬁ: (&la §2a 519 52) g (Oa 239 B’ _&) = (09 2&: &9 3)

where (&, f)=(B, —&) is another set of retrosections on S/(1, o). Hence, the period
matrix (4 B) for S with respect to (a, @, b;, b,) is equal to

2[5 o [515 _(2«» 0 o w),
0 260 & @&

o 2[5 1515

and, letting r=w’'/w, ¥=&'[®, the corresponding Riemann matrix 4B is

i
3 i
We denote matrices in &(2) of this form by (+, ¥) and call them normal matrices.
Hence, every S in {S}’ has a normal matrix representation in #(2). This result

was obtained by Bolza [1] and Hutchinson [3] in a somewhat similar manner(?).
Note that

1 0 0 -1
0O 0 0 -1

(a, oa, b, ob)t = 0 0 : (@y, a3, by, by),
0 1 -1 0,

so that the Riemann matrix for S with respect to the retrosections (a, oa, b, ob) is

((f—llf)/2 (—f—llf)/2)_
(—r=1D2  (+—1/%)2

(*) The result has since been extended [6] to g> 2.
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Matrices of this form, i.e., matrices of the form

G2

will be denoted by <x, y>. Such matrices constitute another normal form, and the
Siegel transformation corresponding to the above change in retrosections carries
all matrices of the form (, 7) in £ (2) bijectively to those of the form <{x, y)>. We
wish to determine the subspace of &%(2) that the normal matrices (7, ¥) determine.

Note that for g=1, the Siegel upper half plane &(1) is the complex upper half
plane H={r € C | #7>0}, and the Siegel inhomogeneous modular group M3 is
the classical inhomogeneous modular group M consisting of all bilinear trans-
formations

T —>(m7+n)/(pr+9),

where m, n, p and q are integers such that mqg—np=1. We denote by M(2) the even
subgroup of M consisting of all transformations in M with matrix

(-6 e

M(2) is a normal discontinuous free subgroup of M on the two generators
T—>7+2 and 7—>7/27+1),
and M/M(2) is isomorphic to the symmetric group on three objects. Specifically,
1 O\ (1 I\ /1 O\ /1 -\ (0 -1\ /0 —-1\"
MM@) ={(o 1) ’ (0 1) ’ (1 1) ’ (1 o) ’ (1 0) ’ (1 1) }
where (£) denotes the equivalence class of the transformation p having matrix (w).

LEMMA 2.1. Let S in {S}' have Riemann matrix (v, ¥) and let (+', #)=(ur, v¥),
where (1, v) € M(2) x M(2). Then S also has Riemann matrices (7', #'), (¥, 7).

The Siegel transformation with matrix
(l O) (l 0)
0 1/\0 O
(0 0) (1 0)
0 0/\0 1
maps (7, ¥) to (7+2, ¥), and the transformation with matrix
G b -)
2 1J\0 -1
b ol )
0 o0/\o 1
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maps (7, 7) to (v/(27+1), #), while the transformation with matrix
(0 1) (0 0)
1 0/\0 O
(0 0) (0 1)
0 0/\1 0

LeEMMA 2.2. Let (r, 7) be a normal matrix in ¥(2), where #+= —1/r mod M(2).
Then no S in {S'} has (=, ¥) for a Riemann matrix.

maps (7, ¥) to (%, 7).

If some S in {S}' has (r, 7) for a Riemann matrix, where #= —1/r mod M(2),
then, by Lemma 2.1, S also has Riemann matrix (=, —1/7), but the Siegel trans-

(496 N6 e )

maps (7, —1/7) onto the diagonal matrix

]

and no surface of genus 2 has a diagonal matrix for a Riemann matrix [2].

We now set out to establish the converse of Lemma 2.2. It T is a Riemann
surface of genus 1, then, for a choice of complex numbers v, o’ (0'/o=7¢€c H)
determined up to the action of the homogeneous modular group, T is conformally
equivalent to the quotient space C/F(w, »), where F(w, »') is the free abelian group
on the two generators w, w’. The Weierstrass pe-function p and its derivative p’
are meromorphic functions on T satisfying

(9)? = 4p° —ga(w, w')p—gs(w, @)
= (dp—e)(p—ea)(p—es),

where e, =p((0+')/2), e3=p(w/2), es=p(w’[2) are distinct, so that, in the
notation of §I, T is given by

w? = 42° _g2(w: w')z“ga(w» w,)’

which is called the Weierstrass normal form of the equation of 7. The even modular
function

A7) = (e1—e3)/(ex—e3)(®)

(?) The even modular function is usually defined as 1—1/A.
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maps H holomorphically onto C—{0, 1} and is automorphic with respect to M(2),
i.e., is well defined, in fact injective, on H/M(2). If w and ' are transformed by the
homogeneous modular group to

&' = mo' +nw, & = pw' +qo,
where m, n, p and q are integers such that mg—np=1, then #=d&’/& is in H, and
g2i(&, &")=g(w, o), i=2, 3, but the roots e,, e, e; are permuted, and conversely.
Specifically, there are the following six cases:

(1) (ereze5) — (e1e5€5), A7) = A7), f=r mod M(2)
(2) (ere2€3) > (ere3e2), A(F) = 1/(7), = —l/r mod M(2)
(3) (ereqe3) > (eze163),  A(H) = MD)/(M7)—1), #=7/(r+1) mod M(2)

(4)  (ese265) — (ese3ey), AR = AMD)-D/X7), +=(-1)/r mod M(2)
(5) (erezes) > (esere5),  A(F) = 1/(1-A(7)), #= —1/(r+1) mod M(2)
(6) (ere2e3) > (e3eze1), A7) = 1-A(7), f=7+1 mod M(2).

Finally, we observe that if T has Riemann matrix (7) with respect to a given set of
retrosections (e, 8), then
A(T) = (eil _eiz)/ (efl —eia),

where (i,i,i3) is a permutation on (123) determined by («, 8), and if 7" is another
surface of genus 1 with normal form

w? = 4(z—e})(z—ep)(z—eh),
and ¢: T— T’ is a homeomorphism taking e to ], then
A(7") = (ei, —el,)/(ei, —€iy),
where (+') is the Riemann matrix of 7’ with respect to (¢, ¢B).

LeMMA 2.3. Let (a, oa, b, ob) be normal o-retrosections for an S in {S}' given by
w2=(22—r@)(z2—r2)(z2—r?). Let S/(1, w0) have Riemann matrix (v) with respect to
the retrosections (a, B)=(ma, nb), where w: S — S/(1, w0) is the natural projection,
and let S/(1, o) have Riemann matrix (%) with respect to the retrosections (&, B
=(#a, #b), where #: S — S|/(1, o) is the natural projection. Then

2.2 _ .2 2_,2

Il —Tip “ Iy —rig
A7) == T3 and N%) = 53—

ry.r T,

igliy —Tig r,—rg

where (iyiyis) is a permutation on (123) determined by (a, oa, b, ob).
S/(1, «0) has equation
7% = 4L +3CE+3C'{+1) = 4(L—r)C—ri)—r3).

The conformal homeomorphism p: (¢, 7) = (1/{+ C’, 3/{2)=(Z, W) maps S/(1, o)
onto the Riemann surface T given by the Weierstrass normal form

W2 = 4Z5—12(C"*— C)Z—4(3CC’ —2C"3—1) = 4Z— R)(Z— R3)(Z— Ry),
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where R,=1/r2+ C’, i=1, 2, 3. Then T has Riemann matrix () with respect to the
retrosections (pe, pfB), so
R,—R, rigri—rj

Mr) = =

T 2,2 2
Rfl—_Ria g Iy, —rig

for some permutation (i,izi3) on (123). Similarly, S/(1, o) has equation
#? = 4{2+3CL2+3C"L+1) = 4{+rHC-rH -1,

and the conformal homeomorphism v: ({, 4) — ({+C, #)=(Z’, W') maps S/(1, o)
onto the Riemann surface T’ given by the Weierstrass normal form

W' = 4Z3—12(C?—C')Z'—4(3CC' —2C®—1) = 4Z'— R)(Z'— R,)(Z'—RY),

where Ri=r?+C, i=1,2, 3. Then T’ has Riemann matrix () with respect to the
retrosections (v&, v8). Furthermore, if p denotes the self homeomorphism on S
determined by (a, oa, b, ob) — (a, —oa, b, — ob), then vipr~'u~1: T—T" is a homeo-
morphism taking (ue, uB) to (vé&, v8) and R, to R}, i=1, 2, 3, so that for the same
permutation (i,i,i3) as in the case for S/(1, ¢0),

R,—R, ri—ri

2
/ T 2 2
R‘l_‘R‘S ril—r‘3

\#) =

LEMMA 2.4. Let S have Riemann matrix (v, ) with respect to the normal o-
retrosections (@,, @z, by, b,). Then

2 .2 2 2 2
Fig Ty —Tip Iy —Tig
N)==—=—= and X% =——>
r(argl—rga nl—r,a

where (iyizis) is a permutation on (123) determined by the a-retrosections.

(7) is the Riemann matrix of S/(1, o) with respect to the retrosections (&, B)
=(B, —&), and (#) is the Riemann matrix of S/(1, o) with respect to the retro-
sections (&, B). Hence #= —1/#, so AM(#)=1/A(#). The desired result follows from
Lemma 2.3.

THEOREM 2.1. Let (7, 7) be a normal matrix in (2). Then there is an-S in {S}’
having (v, #) for a Riemann matrix if and only if ## —1/r mod M(2).
Assume 7# —1/r mod M(2), and set

- X, 1-X,
M) = rdréi-r?  X,1-X;

N_ri-rd _ 1-X;
A7) = ri-rz 1-X,

where X;=r?[r?, j=2,3. Now A: H—> C—{0,1}, and ## —1/r means A(7)#
1/A(7), so there is a unique solution X,, X; where X,#0, 1 # X;#X,. If Sis a
corresponding Riemann surface in {S}’, then, for a choice of normal retrosections,
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S has a Riemann matrix (ry, 75), where A(7;)=A(7) and A(7,)=A(%), by Lemma 2.4.
By Lemma 2.1 and the fact that A is injective on H/M(2), S also has the Riemann
matrix (7, 7). The converse is Lemma 2.2.

If we denote by # the subspace of normal matrices (7, ¥) of the Siegel upper
half plane determined by {S}’, and by 0 the bilinear transformation r — —1/7,
then, by Theorem 2.1,

F ~ HxH—{(r,u07) | T€ H, p € M(2)}.

We now determine the transformation group M ¢ acting on _# whose orbits are all
the normal matrices for conformally equivalent surfaces in {S}. My is not a
subgroup of the Siegel modular group M2, but a subquotient, since £ is a space
of first category in &(2) on which M does not act effectively. For example, on the
space of normal matrices of the form (x, y), the Siegel transformation

0 1\_/0 1
Z— Z
(o0 o
acts as the identity. We now observe the effect of a permutation on (rZr2r?).
LEMMA 2.5. Let S have Riemann matrix (v, ¥) with respect to normal o-retro-
sections, and let a permutation on (rirZr?) result in the Riemann matrix (', ¥') for S.

Then ' =pt and ¥ =v#, where (u,v) € M x M and v=_0u0 mod M(2). Furthermore,
all six possibilities for (n, 0n.6) mod M(2) occur.

We have, by Lemma 2.4, that
réré—rg ré—ra
M) =—2-3—2 and A =—4—p
Fipg I'iy —Tig riz

where (iizi3) is a permutation on (123) determined by the o-retrosections. Let
ri=X,, j=1, 2, 3, and consider the permutation (X; X;X3) — (X3X1X3). Then

X,— X,, XX,

AF) = =1 = 1-A(%),
( ) X2 Xl—X2 (T)
so ¥ =%+1 mod M(2), and
X Xi— X,
M) = é X— Xy — Xa Xl X3 - A(7)
X1 Xg—Xg X3 XI Xg —1 A(T)—l’
X2 X1 X3

so 7' =7/(r+1) mod M(2). The other cases are similar.
Lemma 2.5 tells the whole story for o; i.e., if

(&1’ &2’ 51’ 52) = (a—aa, b+Ub, b, —aa)

and
(@3, a3, b3, b3) = (@' —od', b’ +ob', b, —oa’)
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are two sets of normal o-retrosections on S with corresponding Riemann matrices
(7, 7) and (7, #), respectively, then, by Lemma 2.4, (+/, #') is related to (, 7) as in
Lemma 2.5. On the other hand, if we consider normal o-retrosections, then an
easy computation shows that (+, 7) is the Riemann matrix for S with respect to
(a—oa, b+ob, b, —oa) if and only if (67, 67) is the Riemann matrix for S with

respect to (a—oa, b+wob, b, —0a). We can now establish

THEOREM 2.2. Let S in {S}' have Riemann matrix (v, 7), and let (', ') be a

normal matrix in ¥ (2). Then (7', ') is a Riemann matrix for S if and only if either
(7', #¥)=(ur, v¥) or (v', ¥')=(ut, vr), where (un,v) € M x M and v=0u6 mod M(2).

U )

Suppose (7', ) is a Riemann matrix for S. As in Theorem 2.1, we can solve the
equations for A(z") and A(#) and thereby determine an S’, where, for a choice of
normal retrosections, S’ has Riemann matrix (7, 73) such that (', #)=(u'71, v'73),
where (¢', v') € M(2) x M(2). Then, by Lemma 2.1, S’ also has Riemann matrix
(7', '), so S’ is conformally equivalent to .S, and we may therefore assume that
S’ is S. Similarly, we can solve the equations for A(7) and A(¥) and thereby determine
an S”, where, for a choice of normal retrosections, S” has Riemann matrix (r1, 73)
such that (+, ¥)=(u"71, v"73), where (u”, v") € M(2) x M(2), and again, by Lemma
2.1, S§” also has Riemann matrix (r, ¥), so S” is conformally equivalent to S, and
we may assume that S” is S. The normal retrosections involved are either normal
o-retrosections or normal «o-retrosections, so either (74, 73)=(jr], #73) or (71, 73)
=(@ry, v77), where (i, 7)€ Mx M and 7=6030 mod M(2). Expressing (7', #) in
terms of (=, 7) via (v, 73) and (7], 73) gives the desired result. Lemmas 2.1 and 2.5
give the converse.

If we denote by My the subgroup of M x M consisting of all (u, v), where
v=~0u6 mod M(2), and by Z, the two element group, then Theorem 2.2 tells
us that M 4 is a semidirect product of M’y by Z,, where the action of M’y is
(7, ¥) = (u7, v¥), and the nontrivial action of Z, is (7, ¥) — (%, 7).

III. Teichmueller and Torelli moduli. The conformal equivalence classes of
Riemann surfaces of genus g=2 depend on 3g—3 complex parameters (moduli).
We present a partial summary of this dependence and then apply the theory to the
special surfaces of genus 2.

Let fand h be homeomorphisms from S onto S’. We write f~ A if fis homotopic
to h. We write fxh, and say f is homologous to A, if f and A induce the same
isomorphism from the first homology group of S to that of S’.

Let {S} denote the set of all Riemann surfaces of genus g= 2. Define an equiva-
lence relation R on {S} by SRS’ if and only if S is conformally equivalent to S’.
Then R(g)={S}/R is the set of all conformal equivalence classes of surfaces of
genus g.

Fix T in {S} and consider all pairs {(S, ¢)}, where S is in {S} and ¢: S — T'is an
orientation preserving homeomorphism. On {(S, ¢)} define two equivalence
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relations R and R by (S, $)R(S’, ¢') if and only if ¢’ -1 is homotopic to a con-
formal homeomorphism from S onto S’, and (S, $)R(S’, ¢') if and only if ¢'~1¢
is homologous to a conformal homeomorphism from S onto S’. Then {(T)
={(S, ¢)}/R, whose members will be denoted by (S, #)~, is called the Teichmueller
space for genus g with respect to the indicatrix T, and 7 9T)={(S, $)}/R, whose
members will be denoted by (S, ¢)™, is called the Torelli space for genus g with
respect to the indicatrix 7. Note that (S, $)R(S’, ¢’) implies (S, $)R(S’, ') which
in turn implies SRS’, so that there are the natural projections

) &(T) — 7*(T) = R(g).

Now let H(T) denote the group of orientation preserving homeomorphisms of
T onto itself. Then I={he H(T)| h~1} and J={he H(T) | hx1} are normal
subgroups of H(T). Define H(T)=H(T)/I and denote its members by /4. Define
A(T)=H(T)|J and denote its members by A For h in H(T) consider the map
(S, #) = (S, k). Then (S, $)R(S’, ') implies (S, h$)R(S’, h¢'), and f~h implies
(S, fB)R(S, he), so H(T) acts on {*(T) by h: (S, $)~ — (S, h¢)~. Similarly, H(T)
acts on I9(T) by h: (S, ) — (S, h¢)". Finally, we factor out the trivial action;
ie., let I'={he H(T) | (S, h$)~ =(S, $)~ for all (S, $)~}, and let

J'={he AT) | (S, hd)" = (S, $)" for all (S, $)™}.

Then MYT)=H(T)/I' is called the Teichmueller modular group for genus g with
respect to the indicatrix T, and M%(T)=H(T)/J’ is called the Torelli modular
group for genus g with respect to the indicatrix 7. Then

@ E(T)IMET) = R(g) = T*(T)|M5(T).

Note that £ is in I’ if and only if (S, h$)R(S, $) for all (S, ¢), i.e., if and only if
¢~ 1hé is homotopic to a conformal homeomorphism on S for all (S, ¢). For g>2
not all surfaces admit of automorphisms other than the identity, so for g> 2 there
is an (S, ¢) such that ¢~1hé is homotopic to the identity, i.e., A~1. Hence
M{(T)=H(T) for g>2. Similarly, M%(T)=H(T) for g>2. On the other hand,
every surface of genus 2 admits of the conformal interchange of sheets «. Further-
more, ¢ is not homologous (homotopic) to the identity since, for g=2, the only
automorphism homologous (homotopic) to the identity is the identity. In fact,
M5(T)=H(T)/(1, }) and MX(T)=H(T)/(1, 7).

Since h~f implies hAxf, there is a natural surjective homomorphism j: A(T)
— HA(T) defined by j: i — h. Let G°(T) denote the kernel {k € A(T) | hx 1} of j,
so that for g>2 the sequence

3) | —> GIT) —> MT) —> MS(T) —> 1

is exact, and since j: (1, 1) = (1, t), j is also defined for genus 2, again with kernel
(isomorphic to) GX(T), so the sequence (3) is also exact for g=2, and

@ TUT) = L(T)|G(T).
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{(T) is provided with a metric by means of extremal quasiconformal mappings,
and with the resulting topology (°(T) is homeomorphic to 6g—6 dimentional
euclidean space. M{(T) is a properly discontinuous group of isometries, and G°(T)
is a fixed-point-free subgroup of M{(T). M7 (T) is a properly discontinuous group
of homeomorphisms when J9(T) is given the quotient topology, and then {*(T)
is the universal covering of J9T) with covering transformation group G*(T),
which is then isomorphic to =(J %(T)), the fundamental group of 9(T), so

©) | —> #(TT)) —> MIT) —> M3(T) —> 1

is an exact sequence.

Let (ay,..., a5, by,...,b,) be a fixed set of retrosections on T. Then, given
(S, é) in {(S,4)}, ¢ %ay,...,a,by,...,b,) determines a set of retrosections
(elementwise homologous to (¢~ 'ay, . .., ¢~ 1a, ¢~ by, ..., $~1b,)) on S and there-
fore a Riemann matrix (y),. If (S, $)R(S’, 4), then (y)s = (y)s, 50 there is a mapping
from J(T) to the g(g+1)/2 complex dimensional Siegel upper half plane #(g).
In genus 2 this mapping is a bijection from J %(T) to & (2)— D, where D is the set
of all matrices in #(2) equivalent to diagonal matrices under the action of the
Siegel inhomogeneous modular group M%. Hence,

) | —> m(#(2)— D) —> MAT) —2> MIT) —> 1

is an exact sequence.

Again, let (ay, ..., a, by, ..., b,) be a fixed set of retrosections on T. Then, if A
is in H(T), h(ay,...,a,b,,...,b;) determines another set of retrosections
(a1,...,4aq b1,...,b;) on T. Let ('), be the 2g x 2g matrix such that

(a19 LY a;’ ;.’ LREE] b;)t = (F)h(ah' LEEY ag, bl’ ey bg)t’
and let T', be the corresponding member of the Siegel modular group M%; i.e.,

(), = (f; j)

and
I'yv: Z— (AZ+ B)(CZ+ D)1, Ze %(g).
If hxf, then T, =T, so A — T, is a mapping, in fact a surjective homomorphism,

from H(T) to M%. The kernel is (1, {), where « is the interchange of sheets, so for
genus 2 we have that M%(T) is isomorphic to M%, and hence
) | —> n(#(2)— D) —> MAT) —> M3 —> 1

is an exact sequence. This is, in part, the global picture. For a complete development,
including the analytic structure of {°(T’), see [5] and the references cited there.
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We now apply the above theory to the special surfaces of genus 2. Let {S}
denote (as in §IT) all the Riemann surfaces of genus 2 that admit of automorphisms
of order 2 other than the interchange of sheets. Select T in {S}’ and let o be a
fixed involution on T that is not homologous to the interchange of sheets. Define
the equivalence relation R on {S}’ as in the general case, so that R'(2)={S}/R is
the set of conformal equivalence classes of the special surfaces of genus 2. Now
consider all pairs {(S, #)}’, where S is in {S} and ¢: S — T is an orientation pre-
serving homeomorphism such that ¢ ~!o;¢ is homotopic to an automorphism on S
(of order 2). Define the equivalence relations R and R on {(S, ¢)}’ as in the general
case. Then we call {(T,, o;)={(S, $)}'/R the special Teichmueller space for genus 2,
and I (T, o;)={(S, #)}'/ R the special Torelli space for genus 2. As in the general
case, we have the natural projections

ay UT, o7) > T (T, o7) > R'(2).

Let H(T, or) denote all orientation preserving homeomorphisms on T that com-
mute with o7 up to homotopy. Then if h € H(T, o;) and (S, ¢) € {(S, $)}’, we have
(hd)~or(hp) =~ Y(h ‘orh)p~d orp, so (S, hd) € {(S, #)}', and if I(sr) denotes
the normal subgroup of H(T, o7) consisting of those homeomorphisms homotopic
to the identity, then H(T, oz)=H(T, o7)/I(r) acts on (T, o7) by h: (S, $)~
— (S, h$)~ as in the general case. Similarly, if J(or) denotes the normal subgroup
of H(T, or) consisting of those homeomorphisms homologous to the identity, then
HA(T, o;)=H(T, o7)/J(o7) acts on I (T, or) by h: (S, )~ — (S, h$)". As in the
general case, we factor out the trivial action; i.e., let I'(ey) and J'(o7) denote the
normal subgroups of H(T, ;) and H(T, o7), respectively, that leave fixed every
point of {(T,o;) and I (T, or) respectively. It is easily verified that I'(or)
={1,1, 6, to;"~} and J'(o7)={l, i, 61, 107"}, where ¢ denotes the interchange of
sheets on T. We call M(T, o7)= H(T, o)/I'(o7) the special Teichmueller modular
group for genus 2, and My (T, or)=H(T, o7)/J (o) the special Torelli modular
group for genus 2. Clearly,

@ UT, or)|M(T, o1) = I(T, or)[M7(T, oz),
whereas we will see later that the surjection
@’ I (T, o1)|M5(T, o) > R'(2)

is 2-to-1.

As in the general case, the surjective homomorphism j: H(T, o7) = A(T, o7)
defined by j: A — h with kernel G(T, o7)={h € H(T, o7) | h~1} maps I'(cr) onto
J'(ag), so j is defined from M (T, o;) onto My(T, oy) with kernel equal to
G(T, o7)I'(07)/I'(0r) which, since G(T, or) N I'(oy)={1}, is isomorphic to G(T, or),
)

)% 1 —> G(T, o5) —> M{(T, or) > M (T, o) —> 1
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is an exact sequence. Moreover,
@ UT, 01)|G(T, 0r) = T (T, o7).

With the metric and corresponding topology defined as in the general case,
{(T, o7) is homeomorphic to 4-dimensional euclidean space, M,(T, o7) is a properly
discontinuous group of isometries, and G(T, o7) is a fixed-point-free subgroup.
Mg (T, or) is a properly discontinuous group of homeomorphisms when 7 (7, o)
is given the quotient topology, and then {(7, o;) is the universal covering of
T (T, o7) with covering transformation group G(T, o7), which is then isomorphic to
m(J (T, or)), the fundamental group of J (T, oy), s0

Gy | —> (T (T, o)) —> MT, o5) ~—> Ms(T, o5) —> 1

is an exact sequence.

Now take retrosections (a, ora, b, o.b) for a fixed set of retrosections on T. Then,
given (S, ¢) in{(S, $)}', ¢ ~'a, ¢ ~(ora), $ ~'b, ¢ ~1(orb) are elementwise homologous
to a set of retrosections on S, and hence a Riemann matrix (y), is determined for S.
As in the general case for genus 2, (S, $)R(S’, ¢') if and only if (y)s = (y), SO there
is an injective mapping J (T, o;) — % (2) defined by (S, ) — (y),. Note that, by
definition, ¢ ~'opé~os, where og is an automorphism of order 2 on S, so that
¢~ Yora)x os(¢~a) and ¢ ~Y(opb)x o5(¢ ~1b). Hence the retrosections determined by
¢ are of the form (a’, o5a’, b’, o5b’), i.e., are normal retrosections. We saw in §II
that such normal retrosections give rise to normal Riemann matrices of the form
{x, y). Furthermore, the Siegel transformation

1 0 0 o\, o 1 -1\’
I': zZ
Z"((o 07+ s —1))((1 )7+ o 0))
takes all matrices in #(2) oi‘ the form <{x, y> bijectively to those of the form
(7, ¥). Hence we have an injective mapping

(S’ ¢)A g <x’ }’>¢ g P<x’ y>0

from J (T, o) into the space £ of normal matrices of §II. We will soon see
(Theorem 3.2) that this mapping is a bijection, but for the moment we denote the
image by _#’, so that

6y 1 —> 7(F") —> MUT, 0g) ——> M (T, op) —> 1

is an exact sequence.

We now investigate the action of M4 (T, o7) on #'. M#(T, or) acts on I (T, o)
by A: (S, $)~ — (S, h$)", where A is in A(T, o7), so on £ the action is &: T'(x, ¥,
— IXx, yoro- If (@', 05a’, b', osb’) (elementwise homologous to (¢~ a, ¢ ‘ora,
é~'b, ¢~'osb)) are the retrosections giving rise to <{x, y),, then retrosections
elementwise homologous to ((h¢) a, (hd)~'ora, (h)~1b, (hd)~'a,b) give rise to
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{x, ¥>ns- Note that hor~ orh by the definition of H(T, o), so that the retrosections
giving rise to {x, y),, are of the form (a”, osa”, b”, osb”), and hence

(a”’ asa”’ b”9 asb”)‘ = (F)h(a,’ asala b,’ o'Sb,)t’

where the matrix (I"), is of the form:

mn p g
n mgq p
r s u v
s r v u
In particular,
—1 0o 0 0
-1 0O o0
(N, = 0 and (Dor =

0 0 -1 0
0 0 0 -1

o © = O
S O O =
- o O© O
S = O O

Let I', denote the transformation corresponding to (I),; i.e.,

-1
P,,:z—>((“ ”)z+ (' s))((p q)z+ ('” ")) :
v u s r q »p n m
Then <{x, yoro=T'w{x, y>s or, denoting I'{x, y> by (7, ), the action on £’ is

h: (v, # — I'T,T'-Y(r, #), and T'T,I'-(r. #) is equal to

( u—v)yr+@—s) (m+ni—(p+q)
(P—q)r+(m—n) —(r+s)7+u+0v)

) = Garr, ),

in the notation of §II. It is easily verified that (u,,v,)e Mx M and v,=0u,0
mod M (2), where 6 denotes the bilinear transformation 7 — — 1/7. Hence we have
a mapping, in fact a homomorphism, from H(T, o) into the group

My ={(u,v)eMxM|v=0u6 mod M(2)}

of §I1. On the other hand, given (u, v) in My, we can solve uniquely for m, n, p,q, r,
s, 4, v and thus determine an automorphism (I') of the fundamental group of T.
Since every automorphism of the fundamental group of a compact surface is in-
duced by a homeomorphism of the surface onto itself [5], there is a homeomor-
phism h of T which induces (T'), and, since (I')(I")or=(I")or(T), it follows that
hor~ agh, i.e., that h is in H(T, o;). Hence the homomorphism is onto. The kernel
if J'(or), so we now have

THEOREM 3.1. The special Torelli group Mg (T, oy) acting on the special Torelli
space I (T, or)=F' is isomorphic to M'y. For (u,v) in M's and (v, #) in §', the
action is (r, ¥) — (ut, v¥).
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Now consider for T the matrix (+, ¥) in £ arising from the normal retrosections
(al, a29 519 52), Where

I -1 0 0
0 0 1 1

(&la 62’ Bl, 52)‘ = 0 0 l 0 (a9 ord, ba oTb)t°
0 -1 0 0

The change in retrosections
(@y, ag, b, by) — (as, ay, by, b,)
takes (7, 7) to (%, 7). This change, however, corresponds to
(a, ora, b, orb) — (o;b, —b, —oza, a),

which, since or(o7b) # — b, does not arise from any 4 in H(T, o7), and this explains
why the group Z, of §II does not appear, and also why the surjection (2)” is 2-to-1,
for we now prove

THEOREM 3.2. #'= ¢, i.e., the injection from the special Torelli space T (T, or)
into the space £ of normal matrices of the form (r, %) is a surjection.

Every S in {S} has at least one representative (r, 7) in #’. Then, by Theorems
2.2 and 3.1, it suffices to show that (7, 07) is in #’ whenever (r, #) is. If (+, ¥) is in
F', then (7, #)=Tx, y)>4, where {x, y), is the normal Riemann matrix with
respect to the normal retrosections

(a',05a',b', asb) = (™ 1a, $~'ora, ~1b, ¢ ~1osb)
for some (S, ¢) in {(S, $)}'. Let p be the self-homeomorphism on S determined by
p: (@, 054, b', o5b’) > (a', —osa’, b, —asb").
Then (¢p) ~'or($p)~ p~'osp~ios5, where ¢ is the interchange of sheets on S, so
(S, #p) is in {(S, ¢)}’. Furthermore,

((¢p)™a, ($p)~"ora, ($p)'D, ($p) o1b) X (a', 105a’, ', vosh'),

and if {x, )4, is the Riemann matrix with respect to these retrosections, it is
easily checked (see §II) that I'(x, y>,,=(6%, 67), i.e., that (67, 07) is the Riemann
matrix with respect to (a’'—osa’, b’ +105b’, —i05a’).

Hence,

ay 1 —> n(#) —> M(T, o) 2> My —> 1

is an exact sequence.
We are now in a position to construct the special Teichmueller modular group
M(T, o;), but first we recall some basic notions. If K is a group, we denote the



112 JOHN SCHILLER [October

group of automorphisms of K by Aut K, the group of inner automorphisms by
Inn K, and Aut K/Inn K by Out K. Let G be a group extension of K by Q; i.e., for
some homomorphism j, the sequence

l—>K—>Gls0—>1

is exact, and let 5: 0 — G be a mapping of sets such that js=1. Then, given g in Q,
the mapping

q(s): K—> K by q(s): k — (sq)~*k(sq)

is in Aut K, and if s’ is another such set mapping, then g(s’)~’g(s) is in Inn X, so
that if g denotes the equivalence class of g(s) in Out K, the mapping

$:Q0—->O0utkK by ¢$:9q—>¢q

is a homomorphism, called the natural homomorphism. On the other hand, given
groups K, Q and a homomorphism ¢: Q — Out K, then an extension G of K by Q
is said to realize ¢ if =@, where ¢ is the natural homomorphism. In general, there
is an obstruction to ¢ in the third cohomology group of Q with coefficients in the
center of K, and even given existence, there are as many extensions realizing ¢ as
there are elements in the second cohomology group of Q with coefficients in the
center of K. Of course, if K is a free group, then there is a unique extension
realizing ¢.

Now, given K, Q and ¢é: Q — Out K where K is a free group, suppose that ¢ can
be lifted to §: Q — Aut X, i.e., that ¢ is a homomorphism, and

Aut K

2

>0ut K

0

commutes. Then the unique extension G of K realising ¢ can be constructed as a
semidirect product K x ,Q, where

Kx40 = (KxQ,°) and (k,q)°(K',q") = (kd(Q)K’, 99").

THEOREM 3.3. The Teichmueller modular group M(T, o1) can be constructed as a
semidirect product of the fundamental group =(J (T, o1)) of the Torelli space I (T, o1)
by the Torelli modular group M (T, or).

We have I (T, o1)=#, Ms(T, 0;)=M g, and the exact sequence (7)'. Further-
more, #(_#) can be shown to be a free group. Fix (7o, %,) in #, and let s be a mapping
of sets from My to M(T, o7) such that js=1. Then for each (u,») in Mg, s(u, v)
corresponds to a unique homotopy class B of curves from (o, 7o) to (u7,, v7,), and
then each (u,v) determines an automorphism B(u, v) on =(%, (7o, %)) by
B, v): @ — B((r, v)x)B~1. Note that if (u,v) keeps (v, %) fixed, then 1(g,v): o
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— (i, v)e is in Aut 7( 7, (70, %o)), and 1(u, v)=PB(, v) mod Inn =( 2, (o, %,)). Now
F consists of Hx H deleted by a discrete subset of nonintersecting planes, so that
a(f)=7n(F U {xo}), where # U {x,} denotes the one-point compactification of
F; i.e., the element X, is identified with the boundary o(H x H) of H x H. Further-
more, (i, v): 3(Hx H) — 9(H x H) for each (i, v) in Mg, so that every element of
My has x, for a fixed point. If we then take x, (instead of (r,, %)) for the base
point, the natural homomorphism M’y — Out =(_#) can be lifted to My — Aut =(_#)
which completes the proof.
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